Abstract. We factorize the Dirac operator on the Connes-Landi 4-sphere in unbounded KK-theory. We show that a family of Dirac operators along the orbits of the torus action defines an unbounded Kasparov module, while the Dirac operator on the principal orbit space -an open quadrant in the 2-sphere-defines a half-closed chain. We show that the tensor sum of these two operators coincides up to unitary equivalence with the Dirac operator on the Connes-Landi sphere and prove that this tensor sum is an unbounded representative of the internal Kasparov product in bivariant K-theory.
Introduction
At the beginning of this millennium a new class of noncommutative spin manifolds was discovered by Connes and Landi [CoLa01] . They are based at the topological level on Rieffel's deformation along a torus action [Rie93] . The propotypical example is given by the θ-deformed four-sphere S 4 θ -also referred to nowadays as the ConnesLandi sphere-and, in fact, in [CoLa01] an explicit formula was given for the Dirac operator on this noncommutative space. This was elaborated on in [CoDV02] . In the work of the second author as a PhD student of Landi a key role was played by this explicit example of a noncommutative spin manifold in the analysis of noncommutative instanton moduli spaces (cf. [LavS05, LavS07] ).
It is the purpose of the present paper to dissect that very Dirac operator on the Connes-Landi sphere by writing it as a tensor sum of a vertical family of Dirac operators and a horizontal Dirac operator. The vertical family of Dirac operators differentiates along the orbits of the torus action on S 4 defining the deformation, the horizontal data corresponds to the torus invariant part. More precisely, we will write the Dirac operator D We show that our factorization result fits well into the framework of noncommutative geometry [Con94] by proving that the tensor sum represents the interior Kasparov product of the corresponding classes in bivariant K-theory.
In fact, we will show that such a factorization result holds for Dirac operators on all toric noncommutative manifolds M θ that were described by Connes and Landi [CoLa01] , subject to a condition on the principal stratum. Thus, we identify a vertical family of Dirac operators D V that allows us to write the Dirac operator D M θ as a tensor sum (analogous to Equation (1.1)) with the Dirac operator on the principal orbit space. We then show that this tensor sum is an unbounded representative of the interior Kasparov product of the corresponding classes in bivariant K-theory. An obstruction that appears in this tensor sum decomposition and which is only visible at the level of unbounded KKtheory is given by the curvature of the fibration.
The present work can be considered as part of the search for a suitable geometric description of the internal gauge degrees of freedom that arise from a noncommutative structure. Indeed, any noncommutative unital * -algebra A gives rise to a non-abelian group U(A) of invertible (unitary) elements in A. This has given rise to many applications in physics, such as to Yang-Mills theories [ChCo96, ChCo97, BrvS11] and to the Standard Model of elementary particles [CCM07, CoMa08, Ć12, BovdD14, CCvS13] . In all of these examples the elements in U(A) are realized as automorphisms of a principal bundle, in perfect agreement with the usual description of gauge theories. It is important to remark, however, that in the noncommutative approach the gauge group and the gauge fields are defined along very general lines [Con96] , valid for any spectral triple on a C * -algebra A, but that in this generality the geometric picture is less clear. Nevertheless, the work on instanton moduli spaces on toric noncommutative manifolds [BrLa12, BrvS11, BLvS13] demonstrate that in noncommutative geometry internal gauge parameters beg for a description on the same geometric footing as the usual gauge degrees of freedom.
These results motivated previous work on factorizations of the Dirac operator on the θ-deformed Hopf fibration [BMvS16] , and, more generally, on toric noncommutative manifolds [FoRe,ĆMe] . However, in these examples it was of crucial importance that the base manifold appears as the orbit space of a free torus action. This was in contrast with the topological bundle picture we derived for the internal gauge degrees of freedom, valid for any real spectral triple [S16] . As a special class of examples, it was shown that the deformation of a Riemannian spin manifold along a torus action can be described at the C * -algebraic (i.e. topological) level by a C * -bundle on the (possibly singular) orbit space. This applies in particular to the Connes-Landi sphere: one can construct a C * -bundle on the singular orbit space S 4 /T 2 for the torus action on the 4-sphere whose space of continuous sections is isomorphic to the C * -algebra describing the noncommutative 4-sphere. We now take the second step and push this bundle description for the Connes-Landi sphere -in fact, for toric noncommutative manifolds in general-to the geometric level by showing that also the Dirac operator can be decomposed into a vertical operator acting on continuous sections of a Hilbert bundle, and a horizontal Dirac operator on the (principal) orbit space (Theorems 12 and 14 below). This is in line with the recent paper [KavSb] in which we deal with factorizations of Dirac operators on almost-regular fibrations.
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Dirac operator on the Connes-Landi sphere
The Connes-Landi sphere arises as a deformation of the spin geometry of the round four-sphere S 4 . It is based on the introduction of the noncommutative torus along the action on S 4 of a 2-torus. Before we give a precise definition of the spin geometry of the noncommutative sphere, let us start by collecting some basic facts about the classical geometry of the round 4-sphere.
2.1. The round 4-sphere. We parametrize the round 4-sphere S 4 by toroidal coordinates: 0 ≤ θ 1 , θ 2 < 2π, 0 ≤ ϕ ≤ π/2 and −π/2 ≤ ψ ≤ π/2: (2.1) a = e iθ 1 cos ϕ cos ψ; b = e iθ 2 sin ϕ cos ψ; x = sin ψ so that indeed |a| 2 + |b| 2 + x 2 = 1. In these coordinates, the metric is given by
There is an action of T 2 given by translation in the coordinates θ 1 and θ 2 . Even though this action is not free there is principal stratum, which is a dense open subset of S 4 and we denote it by S 4 0 . Note that
where the subsets
are embedded 2-spheres, and hence both compact embedded submanifolds of S 4 of codimension two. This will turn out to be useful for the analysis later on.
The quotient space S 4 /T 2 is denoted by Q 2 ; we write π :
for the projection map. More precisely,
which is a closed quadrant of the two-sphere S 2 . We also write
for the interior of Q 2 , an open quadrant in S 2 . Note that Q 2 0 is isomorphic to an open square on which the vector fields ∂/∂ϕ and ∂/∂ψ make sense globally. The induced map
is then a trivial T 2 -principal fiber bundle, hence a submersion. This becomes a Riemannian submersion if we equip S 4 0 with the induced metric from S 4 (cf. Equation (2.2)) and Q 2 0 with the induced metric from S 2 , i.e., 
so that the mean curvature becomes
The curvature Ω is trivial because the horizontal vector fields close under the Lie bracket.
2.2. The noncommutative n-torus. We recall some basic concepts on the noncommutative n-torus [Con80, Rie81] . Thus, let θ ∈ M n (R) be a fixed skew-symmetric matrix for some n ∈ {2, 3, . . .}. The noncommutative n-torus is built on the universal unital * -algebra C[T n θ ] generated by n unitaries U 1 , U 2 , . . . , U n that satisfy the relations (2.5)
The unital * -algebra C[T n θ ] carries a faithful tracial linear map τ :
where
) and the topology of the noncommutative n-torus is described by the unital C * -algebra C(T n θ ) generated by the unitaries U 1 , . . . , U n considered as bounded operators on L 2 (T n θ ). The C * -algebra C(T n θ ) carries a strongly continuous action of the n-torus σ :
We will also denote the restriction of σ to the coordinate algebra C[T . For each j ∈ {1, 2, . . . , n}, we have a * -derivation
and together with the C * -norm · on C(T n θ ) this gives rise to the fundamental system of seminorms
The unital Fréchet * -algebra C ∞ (T n θ ) of smooth functions on the noncommutative n-torus is then defined as the completion of the unital * -algebra C[T Connes and Landi in [CoLa01] arises essentially by inserting the noncommuting unitaries U 1 and U 2 in the place of the toric coordinate functions e iθ 1 and e iθ 2 , respectively. Let us give a precise definition, following basically [CoDV02] . We start with the pullback α of the torus action on S 4 to continuous functions C(S 4 ):
It is clear from this definition that α : T 2 × C(S 4 ) → C(S 4 ) defines a strongly continuous action of the 2-torus. Moreover, this action restricts to the smooth functions C ∞ (S 4 ) and we will also denote the corresponding action by α :
Similarly, using that our torus action restricts to the principal stratum, we have the spectral subspaces C
). Let us fix the deformation parameter θ = θ 12 ∈ R.
Definition 2. The coordinate algebra for the noncommutative 4-sphere is the unital * -subalgebra
θ ] with respect to the supremum-norm
The smooth functions on the noncommutative 4-sphere C ∞ (S 4 θ ) is the unital Fréchet * -algebra obtained as the closure of the coordinate algebra C[S 4 θ ] inside the projective tensor product of Fréchet * -algebras
. Concerning the noncommutative analogue of the principal stratum S 4 0 for the T 2 -action on S 4 , we define the coordinate algebra ). The key observation needed for introducing a Dirac operator on the noncommutative 4-sphere is that the spin c structure on the commutative 4-sphere is T 2 -equivariant, see [LavS05, LavS07] . Let us denote the Clifford module of smooth sections of the Z/2Z-graded spinor bundle over the 4-sphere by E S 4 and the associated Z/2Z-graded Hilbert space of L 2 -spinors by L 2 (E S 4 ). The T 2 -equivariance of the spin c structure entails the existence of a strongly continuous even unitary representation
which restricts to an even action α : T 2 × E S 4 → E S 4 on the smooth sections of the spinor bundle (referred to as the spin c lift). This action lifts the action of T 2 on C ∞ (S 4 ) in the sense that (2.6)
Moreover, the Dirac operator D S 4 on the commutative 4-sphere is equivariant meaning that
In order to define a left action of the noncommutative 4-sphere C(S 4 θ ) on the Hilbert space L 2 (E S 4 ) we embed this Hilbert space into the tensor product of Hilbert spaces
To this end, for each k ∈ Z 2 , we define the spectral subspace
and notice that L 2 (E S 4 ) is unitarily isomorphic to the Hilbert space direct sum k∈Z 2 L 2 (E S 4 ) k . We may thus define the isometry
The left action of C(S 4 θ ) on the Hilbert space of L 2 -spinors is then given by the * -homomorphism
where we are suppressing the tensor product representation of
. We quote the following result from [CoLa01] , see also [CoDV02] :
Proof. Since the unbounded operator D S 4 agrees with (the closure of) the classical Dirac operator on S 4 , it suffices to check that each x ∈ C ∞ (S 4 θ ) preserves the domain, Dom(D S 4 ), and has a bounded commutator with D S 4 . To this end, we define the unbounded operator D S 4 ⊗1 as the closure of the symmetric unbounded operator
θ ) preserves the domain of D S 4 ⊗1 and has a bounded commutator with this unbounded operator. Moreover, using the equivariance of D S 4 with respect to the spin c lift α, one obtains that
Combining these observations, we see that
, and the proposition is proved.
Note that when we restrict the spinor bundle to the principal stratum S 
in terms of four flat Dirac gamma matrices γ j ∈ M 4 (C). Up to unitary equivalence, this is precisely the local expression that appeared in [CoLa01] .
Since the complement of the principal stratum S 4 0 ⊂ S 4 can be written as the union
of compact embedded submanifolds, each of codimension strictly greater than one, it follows from [KavSa,
Factorization of the spectral triple on S 4 θ
Throughout this section θ = θ 12 ∈ R will be a fixed deformation parameter.
As a preparation for the explicit tensor sum factorization of the Connes-Landi spectral triple
). This C * -correspondence will carry a vertical Dirac operator yielding an unbounded Kasparov module from
) with respect to the norm coming from the C 0 (Q 2 0 )-valued inner product:
Clearly, X is Z/2Z-graded with grading operator
The action α = α ⊗ id : T 2 × X → X induces an even strongly continuous action α : T 2 × X → X such that α t : X → X is a unitary operator for all t ∈ T 2 .
In order to introduce the left action of C((S 4 0 ) θ ) on X, we define the spectral subspace
It then holds that X is unitarily isomorphic to the Hilbert C * -module direct sum k∈Z 2 X k , in particular we have a bounded adjointable isometry
Notice that the Hilbert
We now introduce a vertical Dirac operator D V : Dom(D V ) → X as follows. Let us choose the two Pauli matrices 
This odd unbounded operator is symmetric with respect to the inner product ·, · X and we denote its closure by
Remark that D V is equivariant in the sense that
The vertical part of our geometry can now be summarized in the following:
Proof. Let us start by proving that each x ∈ C ∞ 0 ((S 4 0 ) θ ) preserves the domain of D V and admits a bounded commutator with D V . We define
. Since D V is equivariant with respect to the torus action on X we obtain the identities
on the domain of D V and the domain of D V ⊗1, respectively. Now, since D V is the closure of a first order differential operator, the ele-
, preserves the domain of D V ⊗1 and has a bounded commutator with x. Our commutator statement therefore follows from the identity
which holds on the domain of D V . The fact that D V is regular and selfadjoint and that it has a locally compact resolvent follows since D V is the closure of a symmetric, vertically elliptic, first order differential operator, [KavSa, Theorem 3] . However, in the case at hand we may also prove this directly as follows:
Let us define vectors in
.
One then checks that
, where
} is a family of (generalized) eigenvectors for D V , varying over the base space Q 2 0 (see Figure 2 for a plot of the first eigenvalues). Moreover, we remark that the C-linear span span Ψ
is norm-dense in X and that our (generalized) eigenvectors form an orthonormal system in the sense that
). For each n 1 , n 2 ∈ Z and each µ ∈ R \ {0} we define the bounded adjointable operators on X. We emphasize that K
It may then be verified that the resolvent (iµ + D V ) −1 : X → X is given by the bounded adjointable operator
where the sum converges in the operator norm on X. This proves that the unbounded operator D V is selfadjoint and regular since these properties are equivalent to the existence of the above resolvents, see [Lan95, Chapter 9]. Since we moreover have that
is a compact operator for all x ∈ C 0 (S 4 0 ) θ , this ends the proof of the proposition.
We now turn to the horizontal part of our geometry. We define the unbounded operator
2 as the restriction of the Dirac operator on S 2 to the open quadrant Q 2 0 , thus
where σ 1 and σ 2 ∈ M 2 (C) are the Pauli matrices from Equation The properties of our horizontal data can then be summarized in the following proposition, see [BDT89, Hil10] :
) defines an even half-closed chain from C 0 (Q 2 0 ) to C with grading operator γ Q 2 0 .
We record that the right module structure on X induces an equivariant even isomorphism
which extends to a unitary isomorphism
We are here also identifying C 2 ⊗ C 2 with C 4 via the map
Remark that the grading on In particular, we have the even selfadjoint unitary operator
In order to introduce the tensor sum
we need to lift the operators D V and D Q 2 0 to the interior tensor product
. For D V this is straightforward, we simply consider the symmetric unbounded operator
After identifying the domain of D V ⊗ 1 with C ∞ c (S 4 0 ) ⊗ C 4 using the isomorphism W defined in Equation (3.5), we have that (3.6) To lift the unbounded operator D Q 2 0 to the interior tensor product, we need an even and equivariant metric connection on the Hilbert C * -module X. In view of the expression (2.4) for the mean curvature, as in [KavSa] , we introduce the even equivariant connection:
as C-linear maps from X → X. It can be checked directly, using the form of the inner product on X from Equation (3.1), that this connection is also metric, thus that
for all ξ, η ∈ X . The resulting symmetric unbounded operator 1⊗ ∇ D Q 2 0 is given by The tensor sum we are after is given by
is a symmetric operator and we denote its closure by
Theorem 6. We have the equality of selfadjoint unbounded operators
and since this core is isomorphic to the core C 
it suffices to check the desired identity on the core C ∞ c (S 4 0 ) ⊗ C 4 . But here it follows readily from Equations (3.6), (3.7) and the form of the Dirac operator in (2.7) that
Notice to this end that Γ(
We will now put the above factorization result in the context of spectral triples and KK-theory. First, consider the map
given by extension by zero. Since this map is T 2 -equivariant and continuous, it induces a continuous * -homomorphism ι :
θ ) at the level of C * -algebras). We may use it to pullback the even spectral triple
At the level of bounded KK-theory this pullback operation corresponds to the usual pullback homomorphism
From the above theorem we thus obtain (up to unitary equivalence) that
Moreover, our tensor sum decomposition of D S 4 corresponds to the interior Kasparov product in bivariant K-theory, as we now show:
Let us denote the classes in even KK-theory associated to the unbounded Kasparov module 
). In particular it holds that
at the level of bounded KK-theory.
Proof. We will show that the class The connection condition is satisfied by a standard computation so we focus on the more subtle local positivity condition. Indeed, the connection condition follows since, for each ξ ∈ X , we have that
To verify the local positivity condition, we choose a countable approximate identity {f n } for the C * -algebra C 0 (Q 2 0 ) such that each f n is a smooth compactly supported function on Q 
is a localizing subset in the sense of [KavSb, Definition 28]. Indeed, one verifies immediately that the commutator
is trivial for all x ∈ Λ, where the representation π :
can be proved exactly as in [KavSa, Lemma 21] (using Gårding's inequality and the ellipticity of
). In fact, for each x ∈ Λ, there exists a constant C x > 0 such that
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). To end the proof of the theorem, we only need to show that, for each x ∈ Λ, there exists a constant κ x > 0 such that
. Let now x = (f n • q) ⊗ 1 ∈ Λ be fixed and choose the constant κ x > 0 such that 1 4
for all (cos ϕ cos ψ, sin ϕ cos ψ, sin ψ) in the support of f n :
Recall here that the support of f n is compact.
We define the symmetric unbounded differential operators
. Moreover, we define the symmetric unbounded multiplication operators
, we compute the anti-commutator:
Still computing on our core for
, we obtain the identity
Recall now that x = (f n • q) ⊗ 1 and remark that
Hence, by our choice of κ x , we have the inequality 1 4
2 ) be given and put
We thus infer from the above computations that
where the last inequality follows since ζ ∈ Im(π(x) ⊗1). This proves the local positivity condition and hence the result of the theorem.
Remark 8. We remark that the 4-sphere gives an example of an almostregular fibration since π :
0 is a proper Riemannian submersion of spin c manifolds. The above Theorem 7 would therefore also follow from the general techniques on factorization of Dirac operators on almost-regular fibrations developed in [KavSa] . Indeed, we shall see in the next section how these techniques can be transferred to the case of theta-deformations of general toric spin c manifolds. The reader can in this respect compare with [FoRe, Proposition 29] .
The case of the 4-sphere is however much more explicit and arguably one of the most interesting, we therefore found it worthwhile to spell out the details.
Dirac operators on toric noncommutative manifolds
We end this paper by showing how one can generalize the above results on the 4-sphere to factorize Dirac operators on any toric noncommutative spin c manifold subject to a condition on the principal stratum. This will be based on our general factorization results of Dirac operators on almost-regular fibrations [KavSc, KavSa] .
We consider a compact Riemannian spin c manifold M with an isometric action of the n-torus T n and denote the corresponding strongly continuous action on the C * -algebra of continuous functions by α :
Let us denote the spinor bundle on M by E M → M , the Clifford bundle by Cl(T M ) → M and a fixed hermitian Clifford connection by
We apply the notation c M : Cl(T M ) → End(E M ) for the Clifford action whereas the module of smooth sections of the spinor bundle and the Hilbert space of L 2 -spinors are denoted by
respectively. When M is even-dimensional we denote the Z/2Z-grading operator by γ M : E M → E M and remark that this grading operator induces a Z/2Z-grading operator γ M :
We assume that the action α :
for all smooth vector fields X : M → T M and all t ∈ T n . Remark here that
denotes the pullback connection. In the even dimensional case, each α t is assumed to be even with respect to the grading on E M . When these properties are satisfied we say that the action α :
Let us fix a skew-symmetric matrix θ ∈ M n (R). For each k ∈ Z n we define the spectral subspace
Definition 9. The coordinate algebra for the theta-deformed manifold is the unital * -subalgebra
The unital C * -algebra C(M θ ) is defined as the completion of C[M θ ] with respect to the supremum-norm
The smooth functions on the theta-deformed manifold M θ is the unital Fréchet * -algebra C ∞ (M θ ) obtained as the closure of the coordinate algebra C[M θ ] inside the projective tensor product of Fréchet * -algebras
on the Hilbert space of L 2 -spinors:
and for each k ∈ Z n , we thus have the spectral subspace
In particular, we may define the isometry
is then given by the representation
where we are suppressing the action of C(M θ ) on the Hilbert space tensor product
for any local orthonormal frame {e j } of the real tangent bundle. We remark that the Dirac operator D M satisfies the equivariance condition
We record the following result from [CoLa01, CoDV02]:
Theorem 10 (Connes-Landi, Connes-Dubois-Violette). Let M be a compact Riemannian spin c manifold equipped with an isometric torus action admitting a spin c lift. Then the triple
is a spectral triple for the C * -algebra C(M θ ) of the same parity as the dimension of M and with grading operator γ M :
We aim for a factorization of the theta-deformed spectral triple
in terms of vertical and horizontal unbounded cycles, moreover this factorization result will be an unbounded analogue of the interior Kasparov product in bivariant K-theory. We will make heavy use of the results of [KavSb] and in particular of Examples 24 and 27 therein. We restrict ourselves to the case where both the compact spin c manifold M and the torus T n are even dimensional, but note that the remaining three cases can be treated by a similar argument.
Our assumptions are as follows: Assumption 1. We assume that our isometric action α : T 2m × M → M on the even dimensional compact spin c manifold M is effective and admits a spin c lift. Letting M 0 ⊂ M denote the principal stratum for the action of T 2m on M we moreover assume that
• There exists a finite number P 1 , P 2 , . . . , P l ⊂ M of compact embedded submanifolds, each without boundary and of codimension strictly greater than 1, such that
is an almostregular fibration of spin c manifolds in the sense of [KavSa, Definition 26].
The compact embedded submanifolds P j ⊆ M are typically connected components of H-fixed points for some isotropy group H ⊂ T 2m . Remark however that condition (2) in the above assumption is not automatic since we could have isotropy groups H = {0} with T 2m /H of the same dimension as T
2m .
The open dense submanifold M 0 ⊂ M inherits a T 2m -equivariant spin c structure from M and we indicate with an extra zero subscript that spinor bundles, Clifford actions and connections are restricted to M 0 .
Since the spin c structure on M 0 is equivariant we may also provide the quotient manifold
with a spin c structure in such a way that the quotient map q :
2m is a Riemannian submersion. We denote the Z/2Z-graded spinor bundle by E B → B, the Clifford action by c B :
and a fixed hermitian Clifford connection by
The associated Dirac operator is denoted by
and the closure by
. We remark that D B need not be selfadjoint (since the principal orbit space in general fails to be complete). The triple (C
is however still an even half-closed chain, representing the fundamental class of B in
describes the horizontal part of our geometry.
The θ-deformation of C 0 (M 0 ) is the non-unital C * -algebra C 0 ((M 0 ) θ ) obtained as the C * -norm closure of the * -subalgebra
, are defined using the torus action on M 0 . We also have the non-unital Fréchet * -algebra of theta-deformed smooth functions vanishing at infinity on the principal stratum. This Fréchet * -algebra is denoted by
For the vertical part of our geometry, one proceeds mainly as in [KavSc, KavSa], but we keep track of torus-actions and replace left actions by their theta-deformed analogues.
We define a Z/2Z-graded smooth hermitian vector bundle of vertical spinors
where Cl(T H M 0 ) → M 0 denotes the Clifford bundle generated by the horizontal tangent vectors, thus vectors in the fiber of the horizontal tangent bundle
Remark that the grading operator on the bundle E V → M 0 is given by
and that the hermitian form is explained in [KavSc, Definition 7], (the † in (q * γ B ) † refers to the operation on the dual bundle given by precomposition). Moreover, E V → M 0 carries a Clifford action
by vertical tangent vectors and admits an even hermitian Clifford connection
given by the explicit formula in [KavSc, Proposition 11]. The manifold E V also carries a smooth action of T 2m ,
and it can be verified that this action is compatible with the above data in the sense that
for all t ∈ T 2m and all smooth vector fields X, Z : we define the vertical spin c lift
and notice that α V extends to a strictly continuous even unitary representation
on the Hilbert C * -module completion X. For each k ∈ Z 2m , we thus have the spectral submodule
and the associated even bounded adjointable isometry
We may thus turn X into a Z/2Z-graded C * -correspondence from C 0 (M 0 ) θ to C 0 (B) by defining the left action via the * -homomorphism
where we are suppressing the action of
θ ) coming from the tensor product of the action of C 0 (M 0 ) on X (via pointwise multiplication) and the action of
The vertical Dirac operator D V : Dom(D V ) → X is then an unbounded operator on the Hilbert C * -module X. This unbounded operator is defined as the closure of the first order differential operator D V : E c V → X given locally by the expression
for any local orthonormal frame {e j } of the real vertical tangent bundle. We record that the vertical Dirac operator is equivariant in the sense that
The vertical part of our theta-deformed geometric data can then be summarized in the following: In order to lift the Dirac operator on the base
, we need an even equivariant metric connection for the C ∞ c (B)-valued inner product ·, · X on E c V . To this end, we modify the hermitian Clifford connection on E V by the mean curvature
which is defined as the trace of the second fundamental form, see [KavSc, BGV92] for the details. Our even metric connection is then given by 
for every t ∈ T 2m and every horizontal lift Z H . We thus conclude that our metric connection is equivariant with respect to the vertical spin c lift:
The tensor sum we are after is given by the symmetric unbounded operator
and let D M 0 : Dom(D M 0 ) → L 2 (M 0 , E M 0 ) denote the closure. By Theorem 12, we may (in the present lemma) replace the triple
by the triple
Now, since the unbounded operator
is an odd symmetric and elliptic first order differential operator we know from [BDT89, Hil10] that the non-deformed triple
is an even half-closed chain. The fact that the theta-deformed triple
is an even half-closed chain now follows from the argument given in the proof of Proposition 11. Since the left action of each χ m • q ⊗ 1 on X is simply given by the multiplication operator with the compactly supported smooth function χ m • q : M 0 → [0, 1], we obtain the local positivity condition using the argument given in the proof of [KavSa, Theorem 22] .
